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REGRESSION ANALYSIS AND THE CLOSELY HELD COMPANY 
HARK G. FILLER 

I 
read with interest the recent arti­
cle by Mary Ann Lerch concern­
ing the application of regression 
analysis to restricted stock stud­

ies.1 Kudos to her for pointing out that 
when it comes to regression models 
that have an r-squared ( r2) of less than 
.40, even if some or most of the inde­
pendent variables are statisticall y sig­
nificant at the 5% level, the emperor 
has no clothes. That is, these models, 
such as those provided by Silber, 
Hertzel & Smith, and by Bajaj, are use­
less in quotidian valuation work, as 
they have no predictive power because 
they explain so little. 

More kudos to her for pointing out 
that regression analysis is the best and 
proper tool for describing and analyz­
ing the relationship between two vari­
ables, and that valuation analysts' 
insistence on the continuing use of 
means and medians serves only to 
demonstrate their unbecoming fear of 
statistics. Finally, kudos to her for apply­
ing Occam's razor to the whole issue of 
discounts for lack of marketability based 
on restricted stock studies. Rather than 
try and locate which factors drive the 
discoun t, she has focused on deter-
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mining the size of the discount relative 
to the price of the freely traded stock. 
However, there are some definitions, 
applications, and arguments that I take 
exception to, and I feel that a response 
to those items is necessary. 

First, when disc~ing the McConaughy, 
Cary, and Chen study,2 she says that 
only three of the "response" variables 
were significant. The only variables that 
get tested for significance are the inde­
pendent variables, often called the 
explanatory or predictor, variables (i.e., 
the x variables). They variable is the 
response, often called the dependent or 
explained variable. 

Next, she defines the correlation coef­
ficient, also called the coefficient of cor­
relation, as the "probability of the 
predicted value of y being correct giv­
en that value for x." If only this were so! 
The coefficient of correlation, which can 
run from - I to + 1, measures only the 
strength of the linear relation between 
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x and y. There is such a thing as nega­
tive correlation-think of the relation­
sh ip between high school grades and 
hours per week of TV viewing. How 
would Ms. Lerch interpret the negative 
correlation coefficient produced in that 
scenario? Would she conjure up the idea 
of negative probability? I believe she has 
conflated the idea of the total area under 
the normal curve representing 100% 
probability with the idea of positive cor­
relation running from 0 to 1. 

In the same paragraph as the incor­
rect definition of the correlation coef­
ficient, she asserts that the unexplained 
variance of 4.92% is excellent in spite of 
the data set containing only 53 trans­
actions. While 4.92% is an excellent 
result, I find her reasoning odd as r2, 
and consequen tly I - r2, is not deter­
mined or affected by the size of the data 
set. One calculates r2 by dividing the 
sum of the squared differences between 
predicted y and the average of y by the 
sum of the squared differences between 
y and the average of y. Reading from 
Excel's summary output produced by 
its regression data analysis tool, it would 
be Regression SS divided by Total SS. 
The reader will notice that there is noth-
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ing in that formula that references the 
number of observations in the data set. 
Perhaps Ms. Lerch is referring to the 
standard error of the estimate, a mea­
sure of accuracy, but this too is not 
affected by the population or sample 
size. Only confidence intervals are so 
affected, but this concept is never men­
tioned in her article. Thus, it is not clear 
what she is referencing. 

Next on the list is the idea that I - the 
x coefficient, or the slope of the line, is the 
actual discount itself. Ms. Lerch refers to 
the "discount popping out of the equa­
tion." This is true only if the regression 
model is of the type known as "regression 
through the origin:• and that is true 
because the formu la for a straight line is: 
y = a + bx, which is the same formula 
for simple linear regression, the type used 
by Ms. Lerch in her article. Therefore, if 
yin this case equals the trend-line value 
of the restricted stock price, and if the 
discount itself is the difference between 
the trend-line value and the freely trad­
ed value divided by the freely traded val­
ue, then by definition y must be computed 
using a, the constant or intercept. To use 
only b to compute the discount is to end 
up only with the rate of change in the 
discount between two different values of 
x, and not the discount itself. 

For example, from Ms. Lercb's Exhib­
it l, the regression equation is: y = .8 I 95x 
- .7348. Applying the equation I - the x 
coefficient of .8195 to freely traded stock 
prices of$10 and $15 produces discounts 
of 18.03% for each, when in fact the actu­
al discounts per the full regression equa­
tion are 25.4% and 22.9%, respectively. 
Regression through the origin applied to 
the 53 observations in the data set pro­
duces the equation: y = .7729x; I - the x 
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coefficient will produce a uniform dis­
count of 22.7 1% for each of the 53 
restricted shares in comparison with their 
freely traded equivalents. This type of 
model is rarely suggested by the literature 
for use in a case like this, and should not 
be used just to put forth a simple expres­
sion of a discount percentage. 

Ms. Lerch frets needlessly about the 
two "outliers" shown on her Exhibit I and 
the single outliers shown on her Exhibits 
3 and 5. These data points are a type of 
outlier known as influential points, and in 
all three cases would not need to be 
removed, as they so obviously lie on the 
plane of the trend line. This is proven by 
that fact that when they were removed 
the x coefficients changed slightly from 
.8195 to .8054, from .7871 to .8075, and 
from .8635 to .845, respectively. 

Discussing her Exhibit 5, Ms. Lerch 
makes the comment that "with only I 0 
data points (and eight degrees of free­
dom) ... the relationship is modest." I 
do not know what this means, as the 
strength of the "relationship" is defined 
by r, r2, the standard error of the esti­
mate and the I-statistic, with no refer­
ence to the size of the data set. Fewer 
data points make it more difficult for 
the t statistic to be statistically signif­
icant when measured against the cri t­
ical value of I, but this concept is not 
addressed anywhere in the article. It is 
not clear what she is referencing. 

When discussing her Exhibit 7, Ms. 
Lerch states that the generic equation for 
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a simple power curve is y = axb, which 
she claims results in a zero intercept. 
Power models are also known as log-log 
models because the previous equation 
can be re-expressed as ln(y) = ln(a) + 
bln(x). Nowhere in either of these equa­
tions does the intercept disappear. These 
models are not forms of the "regression 
through the origin model:' which is by 
definition a zero intercept model, but 
simply logarithmic transformations of 
a nonlinear data set so that it can be 
manipulated by the basic linear model. 

If Ms. Lerch had subjected her 
Exh ibit I model to further testing, she 
would have discovered that (I) there is 
a data point more than three standard 
deviations from the mean of the trend 
line, and (2) that the model's resulting 
residuals are heteroscedastic, i.e., the 
variance about the trend line is not con­
stant. Transformations of x and/or y 
will fix both of these problems and pro­
duce a better fitting model as a result. 

Finally, as interesting an exercise as 
this was, where does it leave us? While 
we now have a more precise way to 
calculate marketability discounts than 
just using means or medians, there is 
sti ll the problem of employing this 
methodology with closely held com­
panies. Si mply applying the regression 
equation to the marketable minority 
value of the subject company will not 
allow one to derive the correct dis­
count, as the equation supplies the 
co rrec t discount only if th e mar­
ketability minority value is that of a 
freely traded publicly held stock. The 
problem remains of how much more 
the discount ought to be for a closely 
held stock that has no possibility of 
ever being freely traded. • 
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